A universal adjacency matrix of a graph G with adjacency matrix A is any matrix of the form U = αA + βI + γJ + δD with α = 0, where I is the identity matrix, J is the all-ones matrix and D is the diagonal matrix with the vertex degrees. In the case that G is the disjoint union of regular graphs, we present an expression for the characteristic polynomials of the various universal adjacency matrices in terms of the characteristic polynomials of the adjacency matrices of the components. As a consequence we obtain a formula for the characteristic polynomial of the Seidel matrix of G, and the signless Laplacian of the complement of G (i.e. the join of regular graphs).
Introduction
Throughout G is a graph of order n with adjacency matrix A. Let I, J and D be the identity matrix, the all-ones matrix and the diagonal matrix with the degrees of G on the diagonal, respectively. Any matrix of the form U = αA + βI + γJ + δD with α, β, γ, δ ∈ R, α = 0 (as usuall, R is the set of real numbers) is called a universal adjacency matrix of G. Several well-studied types of matrices associated to G are a special case of a universal matrix. For example, if (α, β, γ, δ) = (1, 0, 0, 0), (−1, 0, 0, 1), (1, 0, 0, 1), (−2, −1, 1, 0) we obtain the adjacency, the Laplacian, the signless Laplacian and the Seidel matrix, respectively, and for (α, β, γ, δ) = (−1, −1, 1, 0), (1, n, −1, −1), (−1, n − 2, 1, −1), (2, 1, −1, 0) we get the matrices of the complement G of G of the mentioned types.
If G is regular of degree d, then there is an easy relation between the spectra of the various universal adjacency matrices. Indeed, if d = ϑ 1 , ϑ 2 , . . . , ϑ n are the eigenvalues of A, then αd + β + γn + δd, αϑ 2 + β + δd, . . . , αϑ n + β + δd are the eigenvalues of U . Let us denote the characteristic polynomial of a matrix M , det(ϑI − M ), by Ψ(M, ϑ). Then the relation between the spectrum of A and the spectrum of U can be formulated as:
In this note we consider the case that G is the disjoint union of m regular graphs G 1 , . . . , G m . We obtain an expression for the characteristic polynomials of a universal adjacency matrix of G in terms of the characteristic polynomial of the adjacency matrices of G 1 , . . . , G m . The complement G of G is known as the join of the complements of G 1 , . . . , G m . Since the class of universal adjacency matrices of a graph G is closed under taking complements, our result also applies to the join of regular graphs. If γ = 0, U is a block diagonal matrix and the result is trivial. Also some cases with γ = 0 are known. For the adjacency matrix of G and for the Laplacian of G we refer to [2, 4] . However, we haven't seen a common generalization of these results, and for the Seidel matrix of G and the signless Laplacian of G the formula seems to be new. The result follows rather easily from a known lemma on the eigenvalues of an equitable partition of a symmetric matrix. Part of the motivation for writing this note is to illustrate the use of this technique.
Equitable partitions
Consider a symmetric matrix U over R with rows and columns indexed by X = {1, . . . , n}.
Assume the partition is equitable with quotient matrix Q, which means that each block U i,j has constant row sum equal to (Q) i,j (1 ≤ i, j ≤ m). Then (see [1] , Section 2.3):
Lemma 1. The spectrum of U consists of two types of eigenvalues: Type 1: the eigenvalues with eigenvectors in V, which coincide with the eigenvalues of Q. Type 2: the eigenvalues with eigenvectors in V ⊥ , the orthogonal complement of V; these eigenvalues coincide with the type 2 eigenvalues of any matrix U * obtained from U by adding
Thus we obtain m eigenvalues of U with m independent eigenvectors in V. Since U is symmetric, every other eigenvector is in V ⊥ . Let w ∈ V ⊥ be an eigenvector of U with eigenvalue µ, then µw = U w = U * w.
Application
Let us apply Lemma 1 to the universal adjacency matrix U = αA + βI + γJ + δD of G when G is the disjoint union of m regular graphs G 1 , . . . , G m . Suppose G i has adjacency matrix A i , order n i and degree d i . Define c i = (α + δ)d i + β. Then U has an obvious partition with quotient matrix:
We easily find the characteristic polynomial Ψ(Q, ϑ) = det(ϑI − Q) of Q by Gaussian elimination: first we subtract the first row of ϑI − Q from every other row and then we evaluate with respect to the first row. Thus we find:
Define U * = αA + βI + δD = U − γJ, and let Q * be the quotient matrix of U * . From Lemma 1 it follows that U and U * have the same type 2 eigenvalues. The type 1 eigenvalues of Q and Q * are the roots of Ψ(Q, ϑ) and Ψ(Q * , ϑ), respectively. The lemma gives that Ψ(Q, ϑ) divides Ψ(U, ϑ), that Ψ(Q * , ϑ) divides Ψ(U * , ϑ), and that
Indeed, the roots of these polynomials are the type 2 eigenvalues of U and U * , respectively. Clearly U * is the block diagonal matrix with diagonal blocks U * i = αA i + (β + δd i )I (i = 1, . . . , m), and Q * is the diagonal matrix with diagonal entries c 1 , . . . , c m . With the help of Equation 1 we get
(ϑ − c i ).
By use of Equation 2 and the above equations we obtain:
Theorem 1. Suppose U = αA + βI + γJ + δD is a universal adjacency matrix of a graph G, which is the disjoint union of m regular graphs G 1 , . . . , G m . Let G i have order n i , degree d i and adjacency matrix A i (i = 1, . . . , m). Then the characteristic polynomial of U is equal to:
Examples
We consider two corollaries of this theorem, which we believe to be new. If (α, β, γ, δ) = (−2, −1, 1, 0) then U is the Seidel matrix S of G, and thus we have the following formula
In terms the characteristic polynomials of the Seidel matrices S i of G i this becomes:
For the second example we recall that G is the join of G 1 , . . . , G m . Let T and T 1 , . . . , T m be the signless Laplacians of G and G 1 , . . . , G m , respectively. Then T is a universal adjacency matrix of G with (α, β, γ, δ) = (−1, n − 2, 1, −1). Theorem 1 gives:
By use of Equation 1 we find an expression for Ψ(T, ϑ) in terms of the spectra of T i :
If m = 2 this leads to a known formula for the signless Laplacian of the join of two regular graphs (see [3] , Corollary 2.4):
Concluding remark
Although the spectrum of every possible universal adjacency matrix of the disjoint union of regular graphs follows from Theorem 1, it still may be a bit tricky to work it out in a specific case. Sometimes it is easier to work directly from Lemma 1. For example when S = −2A+J −I is the Seidel matrix of a complete multipartite graph. Then all type 2 eigenvalues of S are equal to −1 (indeed, we obtain −I if we subtract J from the diagonal blocks and add J to the other blocks). The type 1 eigenvalues of S are the eigenvalues of the quotient matrix which has characteristic polynomial (1 + m i=1 n i /(ϑ − 2n i + 1)) m i=1 (ϑ − 2n i + 1) This result has been obtained in [5] by a different approach.
